This paper presents an alternative boundary conditions setup for the numerical simulations of stably stratified flow. The focus of the tested computational setup is on the pressure boundary conditions on the artificial boundaries of the computational domain. The simple three dimensional test case deals with the steady flow of an incompressible, variable density fluid over a low smooth model hill. The Boussinesq approximation model is solved by an in-house developed high-resolution numerical code, based on compact finite-difference discretization in space and Strong Stability Preserving Runge-Kutta method for (pseudo-) time stepping.
Introduction
As it was mentioned e.g. in our previous paper [3] , the numerical simulation of stably stratified fluid flow is quite a challenging problem. One of the major issues is related to its extreme sensitivity with respect to the boundary conditions.
The problem being solved in this paper is motivated by an atmospheric boundary layer flow over a hill. Thus the domain of interest was chosen as a block (box) where the bottom boundary represents the impermeable (and no-slip) terrain profile. This is the only truly physical boundary in our problem. All the other parts of the boundary are artificial, ad-hoc chosen. One of the sides of the computational box-like domain was chosen as an inlet boundary with prescribed velocity (and density) profile. The remaining parts of the boundary are completely open and nothing is a-priori known about the computed flow variables along these boundaries. The downstream boundary can be considered as a (pure) outlet in most cases. The upper, free-stream boundary, as well as the lateral artificial boundaries of the domain however do not have clear inlet or outlet character. Along these parts of the boundary the flow should freely exit or enter the (truncated) computational domain. Thus there exist multiple, solution dependent, outlet/inlet boundary regions. The fluid can leave and re-enter the domain multiple times along the same streamline as it is schematically shown in the Fig. 1 .
In the homogeneous, non-stratified case, the effects of the obstacle introduced flow perturbations are usually well localized into the rather small neighborhood of the obstacle. This makes it quite easy to shift the artificial boundaries far enough from the obstacle to avoid the flow perturbation to interact with the prescribed boundary conditions at the artificial boundaries. Such an "undisturbed", far field flow state can be used as a good approximation of the boundary data.
In the stratified case however, the situation is usually much more complicated. The obstacle generated flow perturbations propagate at large distances, easily reaching most of the artificial boundaries (see e.g. [1] , [4] ). Thus the computed solution will interact with the artificial boundary conditions and, as the simulations have confirmed, it is strongly affected by those conditions. In addition, the stratified flow model also has to deal with the non-constant density. This extra variable is strongly linked to the other flow variables and completely changes the behavior of the whole model. 
Governing equations
The Boussinesq approximation is obtained from the full system of non-homogeneous incompressible Navier-Stokes equations by replacing the complete density ρ in the convective terms by a suitable (fixed in space and time) characteristic density ρ * and by removing the hydrostatic background part from the pressure. This immediately leads to the approximate set of governing equations, the so called Boussinesq approximation 1 :
This is the system that was used to compute the fields of velocity u(x, t), pressure (perturbation) p(x, t) and density ρ(x, t) in the numerical simulations presented in this paper.
Boundary conditions
The outflow or far field conditions for incompressible flows models are puzzling many researchers for a long time. One of the commonly used approaches is based on the paper by Heywood, Rannacher and Turek [10] . The so called do-nothing (DN) condition is seen as a natural type of pressurevelocity outflow condition implicitly embedded in the variational formulation of the problem. This condition (for sufficiently smooth solution) implies that on the outlet boundary:
where u n and u τ denote the (boundary-) normal and tangential components of velocity. It means that the homogeneous Neumann condition is applied to tangential components of velocity vector, while the normal derivative of normal velocity component is used to set the Dirichlet condition for pressure. This condition was successfully used in many simulations in the past decades. In most cases it performs very well, however for our purposes it doesn't seems to be suitable. We are solving a convection dominated case, where the viscosity is small and so are the normal derivatives of velocity. Thus it gives an almost constant (close to zero) pressure along the boundary. Moreover the assumption of homogeneous Neumann condition for the tangential velocity components is very strong and sometimes non-physical, especially in the stratified case. Several attempts have been made to improve the do-nothing condition or to propose some other suitable approach (see e.g. the discussion in [5] and [8] ). Recently, in the paper by Braack and Mucha [6] , the so called directional do-nothing (DDN) condition was introduced and studied. It can be simplified to the form similar to (4) as:
where u − n = (u · n) − is the negative part of the normal velocity, i.e. u On the outflow parts of the boundary, the classical do-nothing condition is preserved. Thanks to this extension it's possible to guarantee some good properties needed for the theoretical analysis of the behavior of the method. For numerical simulations using this approach see e.g. [9] .
The directional do-nothing condition seems to profit from the extra term especially for the convection dominated flows. However the test case problem solved here, the improvement is not satisfactory. This is namely due to the geometrical configuration of the free-stream (top) and lateral boundaries, where the dominant flow component is the tangential one. The in-out normal flow component is much smaller and thus the extra term proportional to u 2 n is negligible most of the time. On the other hand, at the inlet boundary, where the normal velocity component profile is prescribed, it leads to parabolic like inlet pressure profile proportional to u 2 n , which doesn't seems to be a good choice.
The approach proposed here aims to fix some of the above presented weak points of the existing artificial boundary setups. The key element is an alternative choice of the extra term found in the DDN condition. The formula that we have started with is
where the (complete) velocity magnitude |u| is used in the kinetic energy like extra term. Due to this modification, at the boundaries where the tangential velocity component is dominant, the term |u|u n is no more negligible while the original u − n u n in (5) was. Moreover, this new term in (6) has gained a sign (compared to the original non-negative one), which might play certain role in the future theoretical analysis of the model.
In addition to this modification, also our interpretation of the artificial boundary pressure has shifted from the Dirichlet style pressure condition into the Neumann-like form, where the formula (6) is used to develop a non-homogeneous Neumann condition for the pressure at the boundary. It means that the relation (6) is used to compute the pressure p b in a boundary point (from known velocity) and also the pressure estimate p i in the internal point (placed along the normal direction), which leads to the estimate of pressure difference between the two points
Here all the values in the interior points are computed in the standard way and the boundary velocity is set according to the boundary condition. In our specific case the viscous term coming from the original DN condition can be dropped out, leading to a simplified formula
to be used to prescribe the pressure at the artificial boundaries of the computational domain.
Here we still kept the possibility for the density ρ to be variable, however for the homogeneous or Boussinesq-like case characterized by a constant density ρ * it can be rewritten as
It should be noted here that this kind of condition can be, to some extent, interpreted as either non-homogeneous Neuman or local pressure drop condition, however it's still fully dependent on the velocity field and on the associated boundary conditions for velocity. For example, if we prescribe, on the open boundaries, the homogeneous Neumann condition for (all components of) velocity, then it leads exactly to the homogeneous Neumann condition for pressure.
The original DN condition assumes the homogeneous Neumann condition on the tangent components of velocity, i.e. ∂uτ ∂n = 0. This works, especially in the homogeneous non-stratified case, quite well, however it seems to be too restrictive and seriously affecting the solution in the stratified case. Thus, in order to keep the open boundaries as free as possible, the (linear) extrapolation was used for all velocity components in most simulations.
Numerical simulations
The computational test case 2 was described in detail in our previous paper [3] so here we just recall the essential characteristics needed to understand the presented results and their discussion. The computational setup used in this study .
The numerical solver used to obtain the results presented in this paper is a three-dimensional extension of the method used and described in [1, 4] . It uses a compact finite-difference discretization in space and Strong Stability Preserving (SSP) Runge-Kutta time integration. Here the sixth-order spatial discretization was combined with third-order SSP RK method in (pseudo-)time. The artificial compressibility was used to compute the pressure and to enforce the divergence-free constraint. In order to smooth the high frequency numerical oscillations, the eight order compact low-pass filter was used. This method built into our in-house developed code was first tested (in its 3D version) in [2] , while the essential features are inherited from the 2D version used in [1, 4] .
Computational setup
A three-dimensional computational domain is chosen as a bounded part of a half-space, with a rotationally symmetric hill placed on a wall. The 3D computational block has a size L x × L y × L z , with the z coordinate pointing in vertical direction (against the gravity acceleration) and the x coordinate pointing in the free stream direction. The hill shape is the same as in [11] , resp. [7] , i.e. the surface elevation is given by z s (r) = 1/ 1 + (r/h) 4 , where r denotes the distance from the hill symmetry axis. The domain dimensions, in terms of maximum hill height h, are L x = 30h, L y = 10h, L z = 5h. The hill is placed (together with the origin of the coordinate system) at the center of this domain, i.e. at the position L x /2 = 15h from the inlet, at the plane of symmetry. See [3] for more details.
Boundary conditions
The standard computational setup used in the below discussed series of simulations is based on the following boundary conditions:
• Inlet . . . The velocity profile u = (u(z), 0, 0) is prescribed. The horizontal velocity component u is given by the second order Pohlhausen-Kármán profile u(z) = U * 2z −z 2 , where nondimensional heightz is defined using the boundary layer thickness H = L z asz = z/H. Density perturbation ρ is set to zero, i.e. ρ = ρ 0 (z).
• Outlet . . . All velocity components and also the density (perturbation) are extrapolated.
Pressure is set to a constant (zero).
• Wall . . . No-slip conditions are used on the wall, i.e. the velocity vector is set to u = (0, 0, 0).
The density is extrapolated.
• Free stream . . . All velocity components and also the density are extrapolated.
• Sides . . . All velocity components and also the density are extrapolated.
On all (except the outlet) boundaries the pressure is set either according to the (9) or, for comparison, from the homogeneous Neumann condition, i.e. p b = p i . In the simulations shown below , the fluid and flow parameters are chosen close to those used in [11, 7] . The fluid is characterized by the density ρ * = 1000 kg · m −3 and dynamical viscosity µ = 10 −3 kg · m −1 · s −1 . The linear background density profile is defined by ρ 0 (z) = ρ * + γ · z, with the (stable) vertical density gradient γ = −25 kg · m −4 . The gravity acceleration acts against the z coordinate, so g = −10m · s −2 . The hill height was set to h = 2cm = 0.02 m and the velocity
Numerical results
The results of the above described model are presented here in the form of isosurfaces and contours of selected flow quantities. In all cases, the whole computational domain is shown, up to the boundary, without any truncation or cut-off. This is essential to assess the effects of boundary conditions in the proximity of artificial boundaries of the computational domain. The steady state, fully converged solution is shown, to avoid any transitional effects. The first series of results, shown in the figures 2 and 3, was obtained using the new pressure boundary condition (9) . The wavy flow pattern generated by the hill is well represented by the isosurfaces of the vertical velocity component shown in the left part of the figure 2, where the regions or ascending/descending flow can easily be identified. It should be noted that the lateral artificial boundaries (at position y = ±L y /2) do not seem to have any significant (non-physical) effect on the computed velocity field. This is also true for the transversal horizontal velocity component v, shown in the right part of the figure 2. be disturbed by the presence of artificial boundaries (see e.g. the top, far-field boundary), where 3 The contours are presented without color scale, just for direct qualitative comparison with the figure 5.
the new pressure condition was imposed, while the remaining quantities were just extrapolated.
The little perturbation of the velocity field close to the inlet boundary is due to the prescribed parabolic velocity profile (corresponding to an exact solution of fully developed flow over a flat plate) interacts with the slower flow field on the upwind side of the hill. This generates a vertical flow perturbation that acts similarly as a wall mounted obstacle. This small perturbation is (almost) inevitable and can be mimimized by shifting the inlet boundary further from the hill.
For comparison, the same case was solved with the simple homogeneous Neumann condition imposed on pressure, i.e. p b = p i was used instead of (9) on all but the outflow boundaries. The results are shown in the figures 4 and 5. It is obvious that this simple condition has a severe impact on the solution close to boundaries. The presence of artificial boundaries affects both, the velocity and the pressure field. For example the vanishing pressure drop across the lateral and top free-stream boundaries blocks the corresponding normal flow component. This is evidently nonphysical, however the numerical convergence of the method is preserved and the solution far from the boundaries is almost free of these artifacts. The blocking effect of the homogeneous Neumann 
Conclusions & Remarks
The boundary condition (6), resp. (9) performed surprisingly well in our numerical simulations. The obvious alteration of the solution close to boundaries was minimalized, while retaining the numerical convergence for this simulation.
• Velocity at the free stream boundaries -The (linear) extrapolation of all velocity components used in this study seems to work well for the solved test case. The possibility of using the homogeneous Neumann condition for the tangential components of velocity 4 (while keeping the extrapolation for the normal one), was successfully tested. It has only marginal (but yet visible) effect on the solution close to the boundary. Its use however can be of some importance in the theoretical analysis of the model.
• Outlet pressure condition -In this (variable density, stratified) case the outlet pressure was simply set to a constant. This choice is obviously not optimal, but has only minor influence on the upstream flow field. The variable density case behaves much more like a compressible flow, where the pressure should be prescribed (by a Dirichlet condition) on the subsonic outlet. On the other hand, the homogeneous (constant density, non-stratified) case was successfully tested as well, with the pressure condition (9) used on all boundaries.
• Pressure extrapolation at free-stream boundaries -This option, i.e. setting the free boundary pressure to p b = p i + p i − p i−1 was also tested, however the simulation failed to converge for the presented test case. It can only work with some other conditions (instead of extrapolation) used for the velocity at the free-stream boundaries. Such a change in the velocity boundary conditions however has a strong influence on the solution, comparable with the one of the homogeneous Neumann condition for pressure.
• Comparison with the do-nothing condition -Due to small viscosity and small normal velocity gradients close to free-stream (top and lateral) boundaries the do-nothing (DN) condition (4) gives a pressure values close to zero. So it acts as a Dirichlet condition (prescribing zero pressure) or homogeneous Neumann condition (if its used in a similar way as the pressure condition (7)). In both cases this choice is not suitable as it heavily affects the solution, which becomes non-physical 5 close to these artificial boundaries. The DN condition can be used on the outlet (in the Dirichlet sense), to prescribe the pressure values, however they are so close to zero, that it makes no visible difference when compared to the presented setup with pressure set to a constant on the outlet.
• Comparison with the directional do-nothing condition -The extra term found in (5) is proportional to u 2 n , which means it's negligible on the free-stream (top and lateral) boundaries. It only plays a role on the inlet boundary where the normal velocity component is dominant. Then however, if it's applied in the Dirichlet sense, i.e. to prescribe the pressure values at the boundary, it gives a parabolic-like pressure profile proportional to u 2 n , which is non-physical. If it's used in the Neumann sense, to prescribe the normal derivative of pressure, then it gives results very close to those obtained using the homogeneous Neumann condition for pressure. It means, that the DDN condition is not suitable for the free-stream artificial boundaries of variable density stratified flows as it heavily affects the solution.
• Physical interpretation/justification of the pressure condition -The ad-hoc proposed formula (6) for pressure was based on our previous experience with numerical solution of this type of flows. It better respects the scaling in the kinetic energy like term that is proportional to |u|u n , instead of the u 2 n used in the DDN condition. When looking for the physical interpretation of the newly added term in (6) it's good to note that 1 2 ρ|u|u n = 1 2 ρ|u| 2 u |u| · n .
Thus it seems that the normal component of pressure forcing is related to the streamwise difference in local kinetic energy.
In summary, the presented setup, using the prescribed profile of velocity and density at the inlet, pressure at the outlet and no-slip condition for the velocity at the wall, combined with velocity extrapolation and pressure condition based on (9) proved to work well (best from all the tested setups) in the numerical simulations for this specific case. It is useable both, in the variable density (stratified) case as well as in the homogeneous, constant density case.
The theoretical study of the well posedness of the problem using this boundary setup should be provided in order to better understand and justify its use. In addition further numerical simulations have to be performed to verify the suitability of this artificial boundary conditions setup for other geometrical and physical configurations.
